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Ðàññìàòðèâàåòñÿ âåðîÿòíîñòíûé àëãîðèòì âû÷èñëåíèÿ õàðàêòåðèñòè÷åñêîãî ïîëè-

íîìà â êîíå÷íîì ïîëå, êîòîðûé ïðåäëîæèëè â 2007 ã. Ê. Ïåðíåò è À. Ñòîðèîõàíí.

Àëãîðèòì èìååò ñëîæíîñòü ìàòðè÷íîãî óìíîæåíèÿ. Â ðàáîòå ïðîâîäèòñÿ ýêñïåðè-

ìåíòàëüíîå ñðàâíåíèå àëãîðèòìà Ïåðíåòà-Ñòîðèîõàííà ñ àëãîðèòìîì Äàíèëåâñêî-

ãî.

Â ðàáîòå [1] Êëåìåíò Ïåðíåò è Àðíå Ñòîðèîõàíí (2007) ïðåäëîæèëè âåðîÿòíîñòíûé
àëãîðèòì âû÷èñëåíèÿ õàðàêòåðèñòè÷åñêîãî ïîëèíîìà â êîíå÷íîì ïîëå. Ýòîò àëãîðèòì ÿâ-
ëÿåòñÿ àñèìïòîòè÷åñêè ëó÷øèì â êîíå÷íîì ïîëå, îí òðåáóåò âûïîëíåíèÿ Θ(nω) îïåðàöèé
â ïîëå. Çäåñü Θ(nω) îáîçíà÷àåò ñëîæíîñòü ìàòðè÷íîãî óìíîæåíèÿ.

Ïóñòü F � êîíå÷íîå ïîëå, B∗ îáîçíà÷àåò ëþáóþ êâàäðàòíóþ ìàòðèöó, ó êîòîðîé
òîëüêî ïîñëåäíèé ñòîëáåö ìîæåò ñîäåðæàòü íåíóëåâûå ýëåìåíòû, à îñòàëüíûå ñòîëáöû
íóëåâûå.

Î ï ð å ä å ë å í è å 1. Ìàòðèöà Ã[k] ∈ F n×n , êîòîðàÿ èìååò âèä

Ã[k] =


C1 B∗ . . . B∗
B∗ C2 . . . B∗
...

...
. . .

...

B∗ B∗ . . . Cm

 ,

ãäå Ci ∈ F k×k, i = 1, . . . , bn/kc, èìåþò ôîðìó Ôðîáåíèóñà, íàçûâàåòñÿ k -ñìåùåííîé
ôîðìîé Õåññåíáåðãà.

Àëãîðèòì âû÷èñëåíèÿ õàðàêòåðèñòè÷åñêîãî ïîëèíîìà ìàòðèöû A ∈ F n×n ñîñòîèò èç
n− 1 øàãà.

Íà k -ì øàãå ìàòðèöà, èìåþùàÿ (k − 1) -ñìåùåííóþ ôîðìó Õåññåíáåðãà, ñ ïîìîùüþ
íîðìàëüíîãî ïðåîáðàçîâàíèÿ Êðûëîâà ïðèâîäèòñÿ ê k -ñìåùåííîé ôîðìå Õåññåíáåðãà,
k = 2, . . . , n : Ã[k] = K−1Ã[k−1]K , Ã[1] = A . Ìàòðèöà K ñòðîèòñÿ èç åäèíè÷íîé ìàò-
ðèöû ðàçìåðà n × bn/kc ñäâèãîì ki -òîãî ñòîëáöà åäèíè÷íîé ìàòðèöû íà 1 ñòîëáåö, íà

îñâîáîäèâøååñÿ ìåñòî çàïèñûâàåòñÿ (k−1)i -ûé ñòîëáåö ìàòðèöû Ã[k−1] , i = 1, . . . , bn/kc .
Åñëè ìàòðèöà K íà íåêîòîðîì øàãå ïîëó÷èëàñü âûðîæäåííîé, òî àëãîðèòì çàêàí÷è-

âàåòñÿ íåóäà÷åé. Ýòî ñóùåñòâåííûé íåäîñòàòîê àëãîðèòìà ïî ñðàâíåíèþ ñ äåòåðìèíèñò-
ñêèìè àëãîðèòìàìè (ñì.: [2]).

Åñëè íà øàãå k ïîëó÷åííóþ ìàòðèöó ìîæíî ïðåäñòàâèòü â âèäå A[k] =

(
A B
0 D

)
,

òî õàðàêòåðèñòè÷åñêèé ïîëèíîì ìàòðèöû A[k] ðàâåí ïðîèçâåäåíèþ õàðàêòåðèñòè÷åñêèõ



ïîëèíîìîâ ìàòðèö A è D . Ïðè ýòîì ìàòðèöà A èìååò âèä k -ñìåùåííîé ôîðìû Õåññåí-
áåðãà, ìàòðèöà D èìååò âèä ôîðìû Õåññåíáåðãà. Õàðàêòåðèñòè÷åñêèé ïîëèíîì ìàòðèöû
D ∈ Fm×m,m < n, âû÷èñëÿåòñÿ ïî ôîðìóëå Õåññåíáåðãà [3, ñ. 91]. Òîãäà íà øàãå k + 1

ïðèíèìàåì Ã[k] = A , ðàçìåð êîòîðîé áóäåò ìåíüøå n .
Ïðèìåð. Âû÷èñëèì õàðàêòåðèñòè÷åñêèé ïîëèíîì ìàòðèöû A â ïîëå F = Z/29 ,

A =



1 8 2 8 7 1
12 1 5 2 4 5
2 1 8 7 9 9
2 1 3 4 6 7
5 2 1 4 6 1
0 2 0 7 27 1

 .

Øàã k=2; K =



1 1 0 8 0 2
0 12 1 1 0 5
0 2 0 1 1 8
0 2 0 1 0 3
0 5 0 2 0 1
0 0 0 2 0 0

 , A[2] =



0 −23 0 −4 0 −3
1 −14 0 10 0 0
0 5 0 22 0 23
0 14 1 18 0 0
0 −2 0 −2 0 −4
0 −5 0 −25 1 17

 .

Øàã k=3; K =



1 0 −23 0 0 −4
0 1 −14 0 0 10
0 0 5 1 0 22
0 0 14 0 1 18
0 0 −2 0 0 −2
0 0 −5 0 0 −25

 , A[3] =



0 0 −16 0 0 −26
1 0 −20 0 0 9
0 1 17 0 0 3
0 0 23 0 0 0
0 0 −10 1 0 −5
0 0 2 0 1 4

 .

Øàã k=4; K =



1 0 0 −16 0 0
0 1 0 −20 0 0
0 0 1 17 0 0
0 0 0 23 1 0
0 0 0 −10 0 1
0 0 0 2 0 0

 , A[4] =



0 0 0 −10 0 −21
1 0 0 11 0 −19
0 1 0 3 0 6
0 0 −28 −13 0 −14
0 0 0 23 0 −26
0 0 0 3 −28 −24

 .

Øàã k=5; K =



1 0 0 0 −10 0
0 1 0 0 11 0
0 0 1 0 3 0
0 0 0 1 −13 0
0 0 0 0 23 1
0 0 0 0 3 0

 , A[5] =



0 0 0 0 −4 −16
1 0 0 0 16 6
0 1 0 0 20 28
0 0 −28 0 0 −15
0 0 0 1 −10 −19
0 0 0 0 −2 −27

 .

Øàã k=6; K =



1 0 0 0 0 −4
0 1 0 0 0 16
0 0 1 0 0 20
0 0 0 1 0 0
0 0 0 0 1 −10
0 0 0 0 0 −2

 , A[6] =



0 0 0 0 0 11
1 0 0 0 0 −19
0 1 0 0 0 7
0 0 −28 0 0 −8
0 0 0 1 0 0
0 0 0 0 −28 21

 .

Õàðàêòåðèñòè÷åñêèé ïîëèíîì ìàòðèöû A ðàâåí x6 + 8x5 + 0x4 + 8x3− 7x2− 10x− 11 .

Â ðàáîòå [4] êàê íàèáîëåå ýôôåêòèâíûé ñïîñîá òî÷íîãî âû÷èñëåíèÿ õàðàêòåðèñòè÷å-
ñêîãî ìíîãî÷ëåíà ìàòðèö íàä êîíå÷íûìè ïîëÿìè ðåêîìåíäóåòñÿ ìåòîä Äàíèëåâñêîãî [5].

Áûëè ïðîâåäåíû ýêñïåðèìåíòû, â êîòîðûõ èñïîëüçîâàëèñü ðàçðåæåííûå ìàòðèöû äëÿ
àëãîðèòìà Ïåðíåòà-Ñòîðèîõàííà è ïëîòíûå ìàòðèöû äëÿ àëãîðèòìà Äàíèëåâñêîãî.



Ýêñïåðèìåíòû ïðîâîäèëèñü íà ñóïåðêîìïüþòåðå ÌÂÑ-100K Ìåæâåäîìñòâåííîãî ñó-
ïåðêîìïüþòåðíîãî öåíòðà ÐÀÍ. Îáúåì îïåðàòèâíîé ïàìÿòè ñîñòàâëÿë 8 Ãá.

Ðåçóëüòàòû ýêñïåðèìåíòîâ ïðèâåäåíû â òàáë. 1.

Òàáëèöà 1
Çàâèñèìîñòü âðåìåíè âû÷èñëåíèÿ õàðàêòåðèñòè÷åñêèõ ïîëèíîìîâ àëãîðèòìà Äàíèëåâñêîãî

( tD ,c) è àëãîðèòìà Ïåðíåòà-Ñòîðèîõàííà ( tPS ,c) îò ðàçìåðà ìàòðèöû n

n 500 750 1000 1250 1500 1750 2000 2250 2500 3000
tPS 68 214 483 951 1576 2439 3606 5339 8235 18272
tD 13 45 111 226 414 633 1030 1529 2383 4559
tPS
tD

5 5 4,3 4 3,9 3,8 3,6 3,5 3.5 4

Ñðàâíåíèå àëãîðèòìîâ ïîêàçûâàåò, ÷òî àëãîðèòì Ïåðíåòà-Ñòîðèîõàííà òðåáóåò â 3-5
ðàç áîëüøå îïåðàöèé, ÷åì àëãîðèòì Äàíèëåâñêîãî.

Òàê êàê â âû÷èñëåíèÿõ â àëãîðèòìå Ïåðíåòà-Ñòîðèîõàííà ó÷àñòâóþò íå âñå ýëåìåí-
òû ìàòðèö, à îïðåäåëåííûå ñòîëáöû, òî ìû ïðåäïîëàãàåì â äàëüíåéøåì ðàçðàáîòàòü àë-
ãîðèòì, â êîòîðîì âû÷èñëåíèÿ áóäóò ïðîâîäèòüñÿ òîëüêî ñ ïëîòíûìè áëîêàìè, ðàçìåð
êîòîðûõ â íåñêîëüêî ðàç ìåíüøå ðàçìåðà èñõîäíîé ìàòðèöû. Äëÿ ýòîãî ñëó÷àÿ ìîæíî
ïðèìåíèòü àëãîðèòìû áûñòðîãî óìíîæåíèÿ ìàòðèö.
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Pereslavtseva O.N., Bobkov O.O. RANDOMIZED ALGORITHM FOR THE CHARACTERISTIC

POYNOMIAL.

Randomized Pernet-Storjohann's algorithm for characteristic polynomials of matrix in a �nite �eld

is considered. The algorithm has the best asymptotic complexity in the �nite �eld. We are discussed

results of experiments with this algorithm.
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